Abstract. Georg introduced a new kind of trapezoidal rule and midpoint rule to approximate a surface integral over a curved triangular surface and conjectured the existence of an asymptotic expansion for this approximation as the subdivision of the surface gets finer. The purpose of this paper is to prove the conjecture.
Introduction
In [1] Georg introduced a new kind of trapezoidal rule and midpoint rule to approximate a surface integral over a curved triangular surface and made a conjecture about the asymptotic behavior of the approximation as the subdivision of the surface gets finer. Recently, Georg and Tausch [2] found a partial proof of this conjecture. Strong numerical evidence supports the validity of the conjecture. The purpose of this paper is to prove the conjecture. Simultaneously and independently, Lyness [3] be the parametrization of a surface S = </>(<r) in R3 and let g{u,v) be a function on a . Then we define the operator ó"? as
is the area of the triangle with vertices (</>oq)(F) and || • || represents the usual Euclidean norm in K3. We use the following notation for partial derivatives:
If g is continuous and <p is continuously differentiable, we have If we transformed the surface integral into an integral over the triangle o and approximated the latter integral numerically, we would have to evaluate the partial derivatives of the map </>, which is only defined implicitly in applications of boundary element methods [1] . The advantage of the rules (3) and (4) is that they avoid the evaluation of these partial derivatives. Georg conjectured that these rules admit an asymptotic expansion in even powers of j¡ under certain regularity conditions on / and <p. We prove this conjecture in Theorem 1. (11) {srng){UtV)"^Cjéwl asn^O0t fc=0 where ck{u, v) is a polynomial of total degree < 2k in u and v .
Proof. We first prove the theorem under the additional assumption (12) 3e, >0: g{u, v) = 0 if u + v > 1 -e,.
According to Lemma 3, there exists an t2 > 0 such that Ais, t, h) is smooth on ñ2 = Us,t,h)£ R3:|A|<e2 , ^ <s , y <', s + t<l-\h\\.
Choose 0 < e < \ min{ei, e2} and let Ù = {{s,t,h)£R>:\h\<e,^<s<l-^,^<t<l-f} For each (s, /, A) £ Ù, at least one of the following conditions is satisfied:
If this condition is satisfied, we put Tis,t, h) := gis + h(u-5), t + h{u -\))Ais,t,h).
(ii) s + t-|A| > 1 -ex.
If this condition is satisfied, we put T(s, t, h) :=0.
The conditions are not mutually exclusive, but by (12) As the function
Tis,t,h) + ris,t,-h)
is even in A and smooth for sufficiently small A , the asymptotic expansion (11) follows from Lemma 2 under the assumption (12). As rv°'°'m)(j, t, 0) is a polynomial of total degree < m in u and v with coefficients depending on s and t, it follows that ckiu,v) is a polynomial of total degree < 2k in u and v. 
